Certified Circuits: Stability Guarantees for Mechanistic Circuits
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Figure 1. Certified circuits are smaller, more accurate, and generalize to OOD. Given a concept dataset, we isolate a circuit—a
subnetwork encoding that concept—that is provably stable under dataset edits. (a) Certified circuits keep stable semantic neurons
(e.g., teeth) and abstain from unstable spurious ones (e.g., bird), improving the ‘African crocodile’ circuit accuracy to 94%. (b) Across
distribution shifts (OOD test), certified circuits are significantly smaller and more accurate than baseline circuits.

Abstract

Understanding how neural networks arrive at their
predictions is essential for debugging, auditing,
and deployment. Mechanistic interpretability pur-
sues this goal by identifying circuits—minimal
subnetworks responsible for specific behaviors.
However, existing circuit discovery methods are
brittle: circuits depend strongly on the chosen
concept dataset and often fail to transfer out-of-
distribution, raising doubts whether they capture
the concept or merely dataset-specific artifacts.
We introduce Certified Circuits, which provide
provable stability guarantees for circuit discov-
ery. Our framework wraps any black-box dis-
covery algorithm with randomized data subsam-
pling to certify that inclusion decisions over cir-
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cuit components—neurons or edges of the model
graph, depending on the base algorithm—are in-
variant to bounded edit-distance perturbations of
the concept dataset. Unstable components are ab-
stained from, yielding circuits that are more com-
pact and more accurate. We validate across three
architectures (ResNet, ViT, GPT-2) on vision (Im-
ageNet and four OOD datasets) and language
(I0I, IOI-Hard, Greater-Than) tasks. Certified
circuits achieve up to 56% higher accuracy and
up to 80% fewer components, and remain reliable
where baselines degrade. Certified Circuits puts
circuit discovery on formal ground by producing
mechanistic explanations that are provably stable
and better aligned with the target concept. Code:
https://github.com/AlaaAnani/certified-circuits.

1. Introduction

Understanding how neural networks arrive at their predic-
tions is a central challenge in machine learning. Mecha-
nistic interpretability tackles this by identifying circuits—
minimal subnetworks responsible for specific model behav-
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iors (Olah et al., 2020; Conmy et al., 2023; Elhage et al.Qur framework is algorithm-agnostic: we (i) randomly sub-
2021). In vision models, for instance, a circuit for recog-sample the concept dataset several times, (ii) run the base al-
nizing “crocodile” might comprise particular convolutional gorithm on each subsample to obtain candidate circuits, and
Iters detecting scales, sharp teeth, and elongated snout8ij) aggregate votes for each individual circuit component
connected through speci ¢ neurons across subsequent latg determine which components are guaranteed to represent
ers. Discovering such circuits promises not only scienti ¢ the concept across perturbed datasets. A key byproduct is
insight into learned representations but also practical beradaptive sparsity: certi cation identi es components for

e ts: debugging failure modes, auditing for biases, andwhich no robust decision can be made, yielding circuits that
enabling targeted model editing. are more compact and accurate than xed top-K baselines.

Circuit discovery methods have emerged across modalitiefn summary, we make the following contributions:

In language models, activation patching and causal tracing

isolate attention heads and MLP neurons responsible for - . .

factual recall, indirect object identi cation, and other behav- providing provap Ie,_ a!gonthm—agnosuc robustness
guarantees for circuit discovery.

lors (Meng et al., 2022; Wang et al., 2023; Goldowsky-Dill 2. We derive provable bounds on certi ed radii and char-

et al., 2023). In vision, analogous methods prune model ™ ; ; -
- . acterize their dependence on a probability threshold
components to nd minimal suf cient subnetworks for rec- ! - . ;
and deletion probability required for subsampling.

ogn|z.|ng visual concepts (Rajaram et al, 2023; Olah et al., 3. We demonstrate empirically across three architectures
2020; Dreyer et al., 202Zukowska et al., 2026). These ap- (ResNet, ViT, GPT-2), two modalities (vision, lan-

proaches start with a concept dataset: a collection of inputs ) : .
; X . . . guage) and four discovery algorithms that Certi ed
representing the target behavior. They then identify which e ;
. o Circuits are more compact, more suf cient, and gen-
model components are necessary or suf cient to maintain : . : .
. . . eralize better to OOD than uncerti ed baselines while
performance on this dataset, discarding the rest. The re- : .
) oo being highly structurally stable.
sult is a sparse circuit, i.e., a subgraph of the model graph
intended to capture the mechanistic basis of the behavior.We validate Certi ed Circuits across two modalities and

However, current circuit discovery methods lack robust_three architectures, evaluating suf ciency (does the circuit

ness (Meloux et al., 2025; uit de Bos & Garriga-Alonso preserve model behavior?) and compactness (how small can
2024: Miller et al v 2024_’ Eriedman et al 2%24) Théthe circuit be while suf cient?). For vision, we test ResNet-
; ! PN L ! ) 50/101 and ViT-B/16 on ImageNet and four OOD bench-
identi ed circuits are sensitive to the choice of concept
) . . oo marks (OOD-CV, ImageNet-A, ImageNet-O, ImageNet-

dataset: adding, removing, or substituting a few semanti=," . ) 2

. . .C) with neuron-level tog< scoring (relevance, activation,
cally equivalent examples can change the discovered C'Fénk) For lanquage we test GPT-2 Small on 101, 10I-
cuit unpredictably. They also fail to generalize to OUt'Of-Hard.and Grezg[er-gll'h,an with EAP-IG (Hanna et al ’2024)
distribution (OOD) data. A circuit found using photographs ' . . oo .

. ..~ as the base edge-level algorithm. Certi ed circuits consis-
of crocodiles on land may perform poorly on crocodiles in . T :
water, cartoon crocodiles, or crocodiles from unusual ant_ently outperform uncerti ed baselines: certi ed accuracy

0, i i 0,
gles. Both issues stem from the same underlying problemmeroves by up to 56% on OOD shifts using up to 41%

: {ewer neurons, and language circuits use up to 80% fewer
current methods over t to the particular concept datase ? !
edges at matched or higher accuracy. These gains hold

rather than recovering the actual concept representatlog(.:ross modalities, architectures, and base algorithms, con-

This undermines con dence in the mechanistic explanation” ~ . S

rming that certi cation captures more transferable mech-
these methods produce. _ . .

anistic structure while pruning components that are not ro-
To address this, we introduce Certi ed Circuits (Fig. 2), a bustly necessary (Fig. 1). We further analyze structural
framework that computes the rst dataset-level robustnessonvergence when circuits are rediscovered on shifted dis-
guarantees for circuit discovery. Given a concept dafaset tributions and across random seeds. Certi ed Circuits lift
and any black-box circuit discovery algorithm, we constructclassic circuit-based mechanistic explanations to provably
a certi ed circuit C with the following guarantee: robust and more compact explanations that empirically bet-

ter generalize to OOD data.

1. We introduce Certi ed Circuits, the rst framework

For any concept datasBt® within edit distance of D,
the certi ed circuit C provably remains unchanged. 2. Related works

2.1. Mechanistic Interpretability
Edit distance counts insertions, deletions, or substitutions of L o )
examples—so = 5 guarantees stability under any combi- Mechanistic interpretability aims to reverse-engineer the
nation of up to ve such changes. This covers an exponeriltérnal computations of neural networks, moving beyond
tially large family of datasets. input-output behavior to understand how models arrive at
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their predictions (Olah et al., 2020; Elhage et al., 2021jnstability, where the discovered circuit itself changes
Bereska & Gavves, 2024). The eld spans observationalvhen the concept dataset changes. To our knowledge, no
methods that analyze learned representations (e.g., pravior method certi es invariance of circuit structure under
ing, sparse autoencoders) and interventional methods thebunded dataset-level perturbations.

causally localize computations through targeted ablations

and activation patching (Zeiler & Fergus, 2014; Zimmer-2.2. Robustness Certi cation

mann et al., 2021; Meng et al., 2022). ) )
A robustness certi cate is a worst-case guarantee of output

Circuit discovery. Circuit discovery aims to identify mini- invariance: given an input and a radius, the certi ed
mal subnetworks (circuits) that implement a target behaviomodel provably returns the same prediction for every per-
or concept. Circuit components—nodes and edges of thieirbed inputx®with dist(x;x 9 r (otherwise it abstains).
computational graph—can correspond to feature channelBandomized smoothing yields such certi cates by aggre-
in CNNSs, attention heads or head-to-head connections igating the base model's predictions under random perturba-
transformers, MLP neurons, etc., depending on the choselipns and converting the resulting probability margin into
granularity (Bereska & Gavves, 2024). Typically, one (i) a certi ed radius (lecuyer et al., 2019; Cohen et al., 2019;
de nes a concept via a dataset, (ii) represents the modélnani et al., 2025). Beyond classi cation, smoothing has
as a computational graph with nodes and edges connedteen extended to (i) structured outputs via per-component
ing them, and (iii) extracts a sparse subgraph whose conabstention, certifying only con dent components in seg-
ponents are necessary and/or suf cient for that behaviomentation (Fischer et al., 2021; Anani et al., 2024), and
(Conmy et al., 2023). In language models, this approackii) discrete objects under edit distance, where RS-Del uses
has revealed circuits for factual recall (Meng et al., 2022)tandomized deletions to certify invariance against insertions,
indirect object identi cation (Wang et al., 2023), and most deletions, and substitutions within an edit budget (Huang
recently for verifying chain-of-thought reasoning (Zhao et al., 2023). We build on these ideas to certify circuit
et al., 2026). ACDC (Conmy et al., 2023) automates discomponent stability under dataset-level edit perturbations.
covery via iterative edge pruning. In vision, circuits have o ) )
been studied via feature-preserving subnetworks (HamblipUmmary. Circuit discovery is unstable: small edits to
et al., 2022), connectivity-based tracing of concept-speci ct€ concept dataset, even replacing examples with seman-
computations (Rajaram et al., 2023; Wang et al., 2019)tjcglly equalent ones, can _produce entirely different cir-
disentanglement of polysemantic neurons into concept ci€Uits, blurring whether the circuit encodes the concept or
cuits (Dreyer et al., 2024), and qualitative connectome-styl&ataset-speci c artifacts. We address this by certifying the
visualizations spanning all layers (Kowal et al., 2024). dataset-to-circuit mapping: using deletion-based smoothing
(RS-Del) (Huang et al., 2023) to model bounded dataset
Stability limitations. A core limitation is that discovered edits, together with circuit component-level certi cation
circuits can be highly unstable: swapping in different (butto exclude the unstable circuit components (Fischer et al.,
semantically equivalent) examples to represent the san@021), we return certi ed circuits whose certi ed compo-
concept (or making small additions/removals) can yieldnents are provably invariant to edits within an edit distance.
substantially different circuits. This raises a basic ques-
tion: is the ci_rcuit ca_lpturing the concept, or over ttingto 3 Certi ed Circuits
dataset-speci ¢ spurious cues? Recent work documents and
diagnoses such fragility. Moux et al. (2025) cast circuit To overcome the circuit instability in prior work, we for-
discovery as statistical estimation and show that EAP-IGnalize circuit discovery as a dataset-level mapping and
(a transformer circuit discovery method) circuits changeask: which circuit components are provably stable under
markedly even when the same behavior is de ned usingoounded edits to the concept dataset? Our approach is
paraphrased prompts, indicating high variance in the digdriven by three goals. First, we seek guarantees (not empiri-
covered structure. Miller et al. (2024) further nd that com- cal heuristics) that circuit structure is invariant, ruling out
mon circuit faithfulness metrics are not robust to evaluationbrittleness by construction. Second, edit distance provides a
choices. Finally, Friedman et al. (2024) show that explanathreat model: it captures the scenario where a practitioner
tions can appear faithful on the discovery distribution yetadds examples, removes outliers, or swaps in semantically
fail to generalize, creating interpretability illusions. equivalent images, and expects the discovered circuit to re-
main unchanged if it encodes the concept. Third, stability
under such edits is a prerequisite for out-of-distribution gen-
eralization: a circuit that changes when the concept dataset
is perturbed cannot be expected to transfer to shifted test
tdistributions. Enumerating all bounded-edit datasets is in-

These works highlight the problem but do not provide
solutions that rule out instability. Concurrent work uses
neural network veri cation to certify the faithfulness of a
xed circuit under small input-level perturbations (Hadad
et al., 2026); in contrast, our concern is dataset-to-circui
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feasible, so we use randomized smoothing: we run circuitvhere A, (D) = 1 indicates that component 2 U is
discovery on many random subsamples and aggregate tlwcluded in the circuit associated with andA, (D) = 0
outcomes to certify stability for all edits within the radius. indicates exclusion. Two common examplesfoare: (i)

) _ node-level topK , which scores vertices dn (e.g., by mean
Our approach (Figure 2). Given a model grap6=(V;E),  activation, gradient-based relevance, or per-example rank)
a concept datasé, and any black-box circuit discovery and retains the top fraction per layer as sparse maskwofer
algorithmA, we certify which circuit components (vertices (Olah et al., 2020; Hamblin et al., 2022; Rajaram et al.,
Vv 2V or edges 2 E) are provably stable under bounded 2023: Dreyer et al., 2024); and (ji) edge-level attribution
dataset edits. After brie y reviewing randomized smoothing,(e_g_, EAP-IG (Hanna et al., 2024)), which scores edges of
we formalize our setup (83.1). We then de ne dataset delefne computational graph via integrated gradients and retains

tion smoothing (RS-Del (Huang et al., 2023); §3.2) and &ne top-scoring fraction, yielding a sparse mask @/@rE.
smoothed circuit discovery rule that aggregates component-

wise inclusion probabilities and thresholds them to output! € goal is to construct a smoothed (certi ed) variant
certi ed in/out or abstain (§3.3). We present Theorem 3.1,0f A whose component-wise decisions are provably stable
which guarantees certi ed decisions are invariant for allunder bounded edit perturbations of D.

datasets within edit-distance Finally, we describe the

Monte Carlo estimation of the certi ed circuit discovery 3.2. Dataset Deletion Smoothing

algorithm (§3.4) and summarize its key properties (83.5). To certify robustness of circuit discovery under dataset-level

Background: Randomized Smoothing as a sequence and measure perturbations via edit distance

We introduce randomized smoothinggduyer et al., 2019; distegi (D; D 9), counting insertions, deletions, and substitu-
Cohen et al., 2019) as the main technical tool for turningfions required to transfor to D°. Checking stability un-
empirical stability under random perturbations into certi ed der all edits is intractable; instead, following RS-Del (Huang
robustness guarantees. lfgt: X | Y be a base classi er et al., 2023), we use randomized deletions as a smoothing
andlet : X I D(X) be a perturbation mechanism that perturbation, which yields certi cates with respect to the full
maps an inpux to a distribution(x) over perturbed inputs. edit distance. Although concept datasets are naturally un-

Randomized smoothing de nes the smoothed classi er ~ ordered, we xan arbitrary ordering solely to de st egit ;
this does not affect the certi cate since our base algorithms

f(x) ;= arg my% P, [fu(z)=Vy]: Q) A depend only on permutation-invariant statistics.
) . ) ) _ We dene a deletion-based perturbation distribution
A certi cate is obtained by lower-bounding the probability oe (D) by sampling an i.i.d. binary mask
of the predicted class and deriving a radiusuch that, with
con dence atleast 1 , the prediction is invariant within BN QTSNS "i Bernoulli(l p ger);
the corresponding neighborhood, ifgx) = f(x 9 for all

xOsatisfying dist(x; x9 r. where"; = 1 keepsx; and"; = 0 deletes it. This produces

an ordered subsequence:
3.1. Setup and Inputs D "=(x ;j"i=1)

Let G = (V;E) denote the model as a directed computa- = (X0t Xig ), withl i< <ipm |Df
tional graph, where vertices are computation units (€.9., The random sub-dataset "

: is distributed according to
neurons, attention heads) and edgeepresent connec-

) - X nee (D). This perturbation model is the input-side mech-
tions between them. A circul is a subgraph o6 spec-  4nism underlying our certi ed guarantees, and it directly

i ed by selecting some subset of components. Uetle-  ¢,nnects our setting to RS-Del's edit-distance certi cation
note the set of circuit components over which the base a|;,qer deletion-based smoothing (Huang et al., 2023).
gorithm operatesU V for node-level methods (e.g., ’

neuron-level togk ) andU E for edge-level methods P
. 3. th tD

(e.g., EAP-IG). We additionally de ne a concept dataset3 3. Smoothed Circuit Discovery

of inputs that contain the same concept (e.g., same-claggrturbation distribution ,,, (D), we de ne the smoothed

images). circuit discovery algorithm

Let black-box circuit discovery algorithiA map a concept A X Ifo;1; g Y

dataset to a binary mask over circuit components: _ ’
which returns for each component2 U one of three

A:X 1fo;1g Vi, (2)  outcomes: certi ed in (1), certi ed out (0), or abstain §.
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Figure 2. Certi ed circuit discovery via concept deletion smoothing. (83.1) Given a concept datd3emodel graphG, and circuit

discovery algorithmA: (83.2) We sample dataset variants via per-example deletion with probadaility(83.3) runA on each to obtain
per-sample circuits, (83.4) aggregate per-component (e.g., vertex) inclusion frequencies, (83.4) certify components as in, out, or abstain
() based on votes consistency. (83.5) The certi ed circuit is provably invariant to concept dataset edits within radius r.

The con dence threshold 2 [0:5; 1) controls how much Combining RS-Del (Huang et al., 2023) with component-
posterior mass is required to make a non-abstaining decisiowise certi cation (Fischer et al., 2021) yields a certi ed
if neither inclusion nor exclusion is suf ciently likely under stability guarantee for every non-abstaining component:
randomized deletions, the method abstains.

To de ne A, we quantify how consistently algorith#

includes a componentunder randomized deletions as the ~With con dence atleast  , for any circuit compo-
smoothed inclusion probability: nentu 2 U with A, (D) 2 f0; 1g and any perturbed
dataseD? satisfyingdisteg: (D; D9 r , the member-

pu(D)=P- Ay,D " =1 ; 3) ship decision is invariant:

i Bernoulli(1 p ge)i.i.d. £, (09 = A,(D):
i.e., the probability thaf includesu when run on a ran-
domly deleted sub-datadet " . Values neafl meanu is

selected almost always (stable inclusion), while values nee _ log(1:5 )

0 mean it is rarely selected (stable exclusion). r.= —TEms : (5)

where the certi ed radius is

The smoothed algorith@ converts these probabilities into

certi ed per-component decisions by requiring a margin of The guarantee in Theorem 3.1 states that any component
at least in favor of inclusion or exclusion. Following thatA certies as in () or out () of the circuit remains
segmentation-style smoothing (Fischer et al., 2021), we safo for all concept dataseB° with distegy (D;D9 r

8 with con dence at least . Components assignedare
21 ifpu(D)> ; excluded from the certi ed circuit. The proof is in App. A.
AyD)= _0 ifl py(D)>; 4 _ o
2 otherwise: From certi ed mask to a circuit. Given the per-component
' guarantee in Theorem 3.1, we de ne the certi ed circuit as

so A,(D) = 1 certies that u is robustly included, the subgraph o6 induced by certi ed-in components. Let
A,(D) = 0 certies that it is robustly excluded, and U :=fu2Uj A,(D)=1g (6)
A,(D) = abstains when neither decision has enough

evidence. We write% (D) := ( A, (D)) w2y 20;1; g Vi denote the set of certi ed-in components. The certi ed
for the resulting three-valued mask over all components, CircuitC = (V [ E ) is then de ned as: (i) For node-level
methodsy V )V =U andE = f(v;w) 2 E j
Guarantees. Therule de ningX converts vote consistency v;w 2 V gs(ii) For edge-level method&)( E ): E =U
under randomized deletions into a worst-case guaranteendV = .or fv;wg. In both cases, components
over all datasets within an edit-distance neighborhoob of assigned are excluded as they are not certi ably stable.

5
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3.4. Estimating the Certi ed Circuit 50 (He et al., 2016); ViT-B/16 results are in App. F.3. For
language, we evaluate GPT-2 Small (Radford et al., 2019)
on three tasks: indirect object identi cation (10I) (Wang
et al., 2023), 10l-Hard, and Greater-Than (Hanna et al.,
2023). The task concept dataset is a prompt set; circuits are
discovered on ID splits and evaluated on held-out ID and
OOD splits. Vision and language setups are in App. B.1
& B.2.

In practice, the probabilitigs, (D) (Eg. 3) are unknown and
are estimated by Monte Carlo sampling: dnawi.d. dele-
tion masks'®;:: ;"™ Bernoulli(1 p 4e)® , evalu-
ateA (D " @) for eachj, and use the resulting empirical
frequency to estimate the lower boung{D) , from which
a(l ) lower condence bound is computed to decide
whetherA, (D) 2 f0;1g or . We follow the standard
evaluation scheme as in (Fischer et al., 2021) and (Huang
etal., 2023) in our estimation Algorithm 1in App. C.3.  Sufciency. We measure circuit suf ciency by preserva-
tion of model predictions when computation is restricted to
3.5. Properties of Certi ed Circuits the discovered circuit, following standard practice (Conmy
et al., 2023; Meng et al., 2022; Wang et al., 2023; Dreyer
et al., 2024). For class-<ircuit C;, we zero non-circuit
channels at each residual block and evaluate on concept
Yataset R. We report mean circuit-class accuracy

Smoothed circuit discovery yields certi ed circuits with
three key properties: (i) provable dataset-level stability:
all non-abstain certi ed components are invariant under an
sequence of up to dataset edits; (ii) spurious-feature
suppression: components whose membership decisions X

are unstable across deletions are abstained from, producing CACC = i CA(C¢; De); (7)
strictly sparser circuits (Fig. 1 (a), Fig. 5, App. F.6); and (iii) Y] 2y

algorithm and model agnosticism: our framework wraps
any circuit discovery methodl and modelG without requir-
ing access to their internals. Next, we discuss that Certi e
Circuits also have practical bene ts, better capturing the
target concept prediction and generalizing to OOD data.

thereCA(Cc; D.) is the pruned model's accuracy @n

andY is the set of evaluated classes. Language suf ciency
is analogous, restricting computation to certi ed-in edges
and measuring task accuracy on the prompt set.

4. Experimental Setu
P P Certi cation hyperparameters. The choice ofpge and

Baseline circuit discovery algorithms. We instantiate trades off certi cation strength against the base algorithm's
our certi cation framework with four standard base algo-operating conditions: highge deletes more data, hindering
rithms (Eq. 2). For vision, we follow the common tép-  the base algorithm, while high demands higher consis-
ow (Hamblin et al., 2022; Conmy et al., 2023; Rajaram tency, increasing the abstain rate. For vision, we default
et al., 2023; Dreyer et al., 2024): candidate vertic@sV to pger = 0:6 and = 0:95 (certi ed radiusr = 1) as
are feature channels at each residual block's output, scoresl good sweet spot. For language, where larger concept
and ranked per layer, with tog- fraction retained. We datasets tolerate more aggressive deletion, wepineand
condsider three scorers: relevance, activation, and rank per task and report the best con guration (App. Table. 2).
— using relevance by defaultin §5 and evaluating otherResults at larger radii are in App. F.4 (vision) and E.2 (lan-
in App. F.1. For language, we use EAP-IG (Hanna et al.guage). We use = 1;000 Monte Carlo samples and failure
2024), which scores edges2 E via integrated gradients probability = 0:001 throughout, following standard prac-
and retains the top- fraction. For certi ed circuitsK tice (Lecuyer et al., 2019; Cohen et al., 2019; Anani et al.,
denotes the effective fraction of components retained aftern25). The theoretical minimumis analyzed in App. C.2.
certi cation (averaged across layers) rather than the basg|| certi ed results hold with con dence 1 = 99:9%.
algorithm's targeK , since certi cation abstains on unsta-
ble components that the uncerti ed base algorithm would5
otherwise include. Thus, at a xed, the certi ed circuits )
effective size is always the baseline. We evaluate Certi ed Circuits in four ways: suf ciency and
compactness (85.1), testing whether circuits preserve task
Datasets and architectures. For vision, we use Ima- performance when used in isolation and how small they can
geNet (Russakovsky et al., 2015) as the ID dataset, with eadbe; feature visualization (85.2), qualitatively inspecting
class de ning a concept, and evaluate under four OOD shiftsthe features encoded by the circuits, out-of-distribution
OOD-CV (Zhao et al., 2022), ImageNet-A and ImageNet-generalization (85.3), measuring whether circuits discov-
O (Hendrycks et al., 2021), and ImageNet-C (Hendrycks &ered in-distribution retain accuracy under distribution shift;
Dietterich, 2019). Circuits are discovered bdOrandomly  and structural stability (85.4), assessing whether circuit
selected classes. Main results use ResNet-101 and ResN&tructure remains stable when re-discovered on shifted data.

Results

6
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cACC™ Size K #
Domain Setting Dataset/Task Full Baseline Certied Full Baseline Certied
= ID ImageNet 0.78 0.83 0.95 4% 1.000 0.700 0.336 #52%
S 3 ImageNet-A  0.07 0.60 0.94  'sew 0.400 0.342 5%
23 OOoD-CcV 0.20 0.73 0.93  28% 0.400 0.269 #33%
> ¢ 00D ImageNet-C  0.57 0.72 0.92  -28% 1.000 0.700  0.416 #1%
ImageNet-O 0.81 0.93 0.98  "s% 0.700 0.417  wa%
B 101 1.00 1.00 1.00 0.300 0.129 #se%
g E ID 10I-Hard 1.00 1.00 1.00 1.000 0.200 0.125 #38%
S s Greater-Than 1.00 1.00 1.00 0.040 0.010 #75%
o N
g & (o] 0.98 0.99 1.00 2% 0.800  0.487  #0%
- © OOD  IOI-Hard 0.79 0.85 091 % 1.000 0.300 0.297 #%
Greater-Than 1.00 1.00 1.00 0.040 0.008 #80%

Table 1. Certi ed vs. baseline circuit suf ciency. Peak cACC and corresponding circuit dzeinder suf ciency pruning on ResNet-101

for vision datasets and GPT-2 Small for language tasks. Circuits are discovered on ID datasets and evaluated on ID or on OOD shifts.
is relative improvements on unrounded values. Certi cation hyperparameters are in App. Table 2. All three vision discovery algorithms in
App. Table 5.

Figure 3. Circuit accuracy (CACC) vs. sizeK . Solid lines show certi ed circuits, dashed show the baseline, with colors distinguishing
models. Circuits are discovered on ImageNet and evaluated on ID or OOD data. This gure is extended to ViT-B/16 in App. Fig. 12 and
language circuits in App. Fig. 9 & 10.

Figure 4. Edges of the certi ed vs. baseline EAP-IG circuits on GPT-2 Small at peak cACC. Annotations report the relative edge
reduction and the gain in peak cACC of the certi ed circuit over EAP-IG. The certi ed radius r denotes the best value for every task.

5.1. Circuit Suf ciency and Compactness components retained), and report (a) the peak cACCl¢ver
and the correspondirlg (Table 1), (b) the cACCK curves

on vision across ve datasets (Fig. 3) and (c) the edge-level
g&'ircuit breakdown on language tasks at peak cACC (Fig. 4).

We study two questions: (i) suf ciency: does the circuit
alone preserve the target class prediction? and (ii) co
pactness: how small can the circuit be while remainin

suf cient? We sweep the circuit size 2 (0; 1] (fraction of  sSufciency. Does using the circuit alone preserve the
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certi ed and baseline circuits follow a three-stage pattern
asK increases: (i) small K yields insuf cient circuits that
omit class-critical neurons; (ii) intermediate K captures the
necessary evidence and cACC peaks; (iii) large K introduces
competing or spurious features, reducing class speci city
and degrading cACC. Certi ed circuits shift this curve fa-
vorably in both dimensions, peaking at smalker(more
compact) and at higher cACC (more suf cient), pruning
components that are unnecessary and harmful, rather than
trading one property for the other. On language, both curves
plateau rather than degrade at lakKe certi ed circuits
plateau at higher/equal cACC at smaller K (App. Fig. 9).

Certi ed circuits are substantially smaller, more ac-
curate on vision and matching accuracy on language.

5.2. Feature Visualization of Circuits

To inspect what certi cation removes, Fig. 5 visualizes
per-layer neurons in three categories: certi ed-in, abstain
(within the baseline circuit), and certi ed-out. Certi ed-
in neurons consistently respond to class-de ning features
(watch faces, dials). Abstained neurons, included by the
baseline but dropped by certi cation, predominantly re on
co-occurring but non-class-speci ¢ cues (hands, wrists) or
on spurious patterns. Certi ed-out neurons rarely re on
the concept dataset at all. The resultdigital watch
certi ed circuitimproves cACC by26%at34%smaller size,
suggesting that abstained components are not merely unin-
Figure 5. Features encoded by certi ed-in, abstain (within form_atlve but actively harmful,.l:_)lasmg the basellne toward
Baseline), and certi ed-out neurons (classdigital watch ~ spurious class correlates. Additional classes are in App. F.6.

ResNet-101). Per layer, top-activating neurons in each categoryl Certi ed circuits abstain from spurious cues

class/task accuracy? Across vision and language, certi-3- Out-of-Distribution Generalization

ed circuits match or exceed baseline peak cACC (and thedo circuits discovered in-distribution retain accuracy on
full model) on all datasets and tasks (Table 1, Fig. 3). Orshifted data? Certi ed circuits transfer substantially better
ImageNet (ID), certi ed circuits reacB5%vs. the base- than baselines, with the largest gains on the hardest shifts
line's 83% (" 14%). On language, peak cACC is saturated (Table 1, Fig. 3 (vision), Fig. 4 (language)). On vision,
at 100% for both methods on all three ID tasks. ImageNet-discovered certi ed circuits rea@8%cACC on

C H I he circuit be whil ; OOD-CV (' 28% over baseline) a83% smallerK , and
ompactness. How small can the circuit be while suf - 94% on ImageNet-A '( 56%) at 15% smallerK —shifts

cient? Across both modalities, certi ed circuits reach peak , .« the full model collapses @0% and 7%. On lan-
CACC at substantially smaller sike than baselines (Table 1, guage, certi ed circuits match or improve EAP-IG‘S peak

Fig. 3 (vision), Fig. 4 (language)). On ImageNet, the certi—CACC under OOD prompts @0% 2%, and80% fewer

ed circuit is 52%smaller while improving cACC byt4%, edges on 101, I0l-Hard, and Greater-T,han (Fig. 4), with up
with similar _reduct_ions across other datasets. On Iang_uag?o " 806 cACé on IOI-H,ard. Results suggest that é:erti ed
Wher_e suf clencyis alr_eady_satgrated, Compactn|ess IS th‘(::’ircuits capture concept relevant features that transfer across
dominant sugna]: ce.rt| ed circuits match EAP-IG's peak shifts. Abstention removes components with unstable inclu-
CACC on ID while usingb8% 38% and75%fewer edges sion under dataset perturbations, often spurious, yielding

on IO, I0I-Hard, and Greater-Than respectively (Fig. 4). . jits that generalize beyond the discovery distribution.

Effect of compactness on suf ciency. Fig 3 plots cACC

: O - I Certi ed circuits generalize to OOD shifts.
against the circuit siz& across ve vision datasets. Both

8
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5.4. Structural Stability Under Distribution Shift circuit size, and producing language circuits up to 80%
smaller at matched or higher accuracy. Structural stabil-
ity results support this mechanism: certi ed circuits show
higher loU when re-discovered on OOD data, indicating
convergence to an invariant core. Beyond cross-distribution
stability, certi ed circuits also converge across random seeds
(App. F.2), con rming the certi cation procedure itself is
reliable. Together, these ndings support our hypothesis
that the instability noted in prior work (Bloux et al., 2025;
Miller et al., 2024; Friedman et al., 2024) arises from com-
ponents inconsistently selected across dataset variants; ab-
stention removes them, yielding circuits that provably re ect

i . L . the concept rather than dataset-speci c artifacts.
Figure 6. Structural stability under distribution shift. Per-class

loU between circuits discovered on ImageNet and re-discovere
on each OOD dataset, at tke maximizing the certi ed—baseline
CACC gap. Boxes show the distribution over classes.

fimitations. Certifying a circuit requires running the dis-
covery algorithm orm randomized deletion masks, but
caching forward and backward passes across masks keeps

The previous experiments used the same circuit on differen@/l-clock cost close to running the base algorithm once
distributions. A stronger test asks: does the certi ed circuit( 24 overhead an=1000; App. D), so runtime does
structure remain stable when re-discovered on shifted dig20t linearly scale im. Larger certi ed radii require higher
tributions of the same concept? We measure this via loLfi€l€tion rates, which can degrade the base algorithm on
between circuits discovered on ImageNet and re-discovereff"y Small concept datasets; however, certi cation recovers
on each shifted dataset (Fig. 6). For two circuits with vertexull performance at larggbj, supporting radii up to=59

sets V and ¥ the loU is jV \V 9=V [V §. (App. F.4, E.2). We use a single spardttyacross layers;
layer-wise budgets inspired by pruning literature may yield

Overall, certi ed circuits have higher median loU and tighter ner sparsity allocation. Concurrent work (Hadad et al.,
distributions than baselines across shifts, indicating more26) certi es circuits via neural-network veri cation, but
consistent structure. The largest stability gains align withits guarantees are over continuous input perturbations to a
the largest cACC performance gains on OOD-C¥Q0%  xed circuit, and its reliance on exact veri ers restricts it to
and ImageNet-A &5%). ImageNet-O is the exception, small models and datasets (MNIST, CIFAR-10, GTSRB);
where both methods show high variance, suggesting classur guarantees instead cover dataset-level edits to the discov-
dependent circuit recon guration under semantic anomaliesered circuit, and scale to any standard vision and language
These ndings reinforce the OOD generalization resultsM0dels. While we expect the framework to extend to larger
abstention suppresses shift-sensitive vertices, concentratirign9uage models, multimodal models, and sparse-activation
circuits on an invariant core that better captures the underhy2rchitectures, experimental validation remains open.

ing concept rather than dataset-speci c artifacts.

I Certi ed circuits converge to a similar invariant core 7. Conclusion

when re-discovered on shifted distributions. We introduced Certi ed Circuits, a framework providing
provable stability guarantees for circuit discovery. By
. ) L combining deletion-based randomized smoothing with per-
6. Discussion and Limitations circuit-component abstention, our method certi es that
circuits remain unchanged under bounded dataset edits—

Discussion. Certi ed circuits outperform baselines acr,o,ssdirectly addressing the instability undermining con dence
three architectures (ResNet, ViT, GPT-2) and two mOda“t'eﬁn mechanistic explanations. Empirically, certi ed circuits

(vision, language). For suf ciency and compactness, Certizre more compact, more suf cient, and generalize better to

cation Sh'ﬂs. the accuracy-sparsity curve: circuits Peakgop data, while remaining structurally stable beyond their
at smaller sizes with higher cACC, suggesting unStabk?:erti ed radius. Our work establishes that reliable circuit
comppnen.ts are not only unnecessary but harmful. Fe?ﬁscovery is achievable: practitioners can obtain mechanis-
ture visualization con rms this: abstained neurons re on e explanations that are provably stable and empirically

co-occurring bUt_ non-class-speci ¢ cues, Wh'!e certi ed- robust, bridging interpretability and trustworthiness.
in neurons consistently respond to class-de ning features.

For OOD generalization, certi ed circuits discovered in-
distribution (ImageNet) transfer without re-discovery, im-
proving cACC by up to 56% on ImageNet-A while reducing

9
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Appendix
A. Proof of Theorem 3.1

Proof. Fix a componenti 2 U. De ne the per-component base classiley : X !f0;1g byhy(D) := A (D). Let
e (D) denote the RS-Del perturbation that independently deletes each element of the s&yjuéttcerobability pgel ,
producing a random subsequence D ".

Smoothed probabilities and abstaining decision. De ne the smoothed inclusion probability

pu(D) = Pr [hy(D ") =1];

" Bernoulli(1 p del )P

andletp.o(D):=1 p ,(D)andp,1(D) :=p y(D). Let the (non-abstaining) smoothed label be
Au(D) = arg max puc(D);  w(D) = maxfp u(D); 1 p u(D)g
We output a certi ed (possibly partial) decision by thresholding as in segmentation-style smoothing with abstention:

8
21 ifpy(D)> ;
A,D)= >O ifl p u(D)> ;
otherwise:

Note that % implies that whenevek, (D) 2 f0; 1g, the maximizer A, (D) is unique and equal&,, (D).

RS-Del certi cate on the input sequence. Apply RS-Del (Huang et al., 2023) to the smoothed binary clagsjamder
Levenshtein edit distance (allowing insertions, deletions, and substitutions). RS-Del (Theorem 7 and Table 1 in (Huang
et al., 2023)) gives that if the predicted clas®abas con dence (D), then the smoothed prediction is invariant for any
edit-distance ball of radiusr r°( (D)), where

%
O =

For binary outputs and symmetric thresholds (our case), ( )%,:hence

log(1:5 )

r’() =
0 log prel

Moreover r() is nondecreasing in because logqa) < 0and 1:5 decreases with .

Conclude invariance for certied vertices. AssumeA,(D) 2 f0;1g. Then (D) > , so by monotonicity
r’( (D)) r ?().Dene
r=r 7() — Iog(15 )
' l0g Pel

Then for every Dwith disteqy (D; D9 r, RS-Del implies the smoothed label is invariant:
A,(D9 = Ay(D)= A,(D):
This is exactly the claimed circuit-membership invariance for all non-abstaining vertices.

Statistical con dence. In practice (D) is unknown and we certify based orfla ) lower con dence bound (e.qg.,
Clopper—Pearson) for, (D) . On the event that the true con dence exceeds this bound (which holds with probability at
leastl ), the above argument applies. If one wants the guarantee to hold simultaneously for all vertices (Fischer et al.,
2021), set per-vertex failure probability to =jUj and apply a union bound. O
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Domain Setting Dataset/ Task Rel T
= ID ImageNet 095 060 1
53 ImageNetA  0.95 0.60
2 2 0O0D-CV 0.95 0.60 1
> ¢ 00D hageNetC 095 060 1
ImageNet-O 095 060 1
B [o]] 0.90 0.95 9
5T ID |OI-Hard 0.85 0.99 42
S 2 Greater-Than  0.90 0.99 50
(@]
Sk [o]] 0.85 0.95 8
- © OOD  I0l-Hard 0.85 0.99 42

0.95 0.99 59
Table 2. Certi ed algorithm con guration per dataset and task in Table 1.

Greater-Than

B. Experimental Setup

Table 2 lists the certi cation hyperparameters (gepradius r) used for each result in Table 1.

B.1. Vision Setup

Concept datasets. Each ImageNet class ¢ de nes a concept dataset B set of same-class images. We us¢ 360
images per class from the ImageNet validation split. Circuits are discovergddmandomly selected classes and tested on
ID (same validation images) and OOD evaluation sets.

OOD evaluation datasets. We evaluate ImageNet-discovered circuits under four out-of-distribution shifts, each targeting

a distinct failure mode. OOD-CV (Zhao et al., 2022) places objects in novel contexts, backgrounds, poses, and weather
conditions (context shift). ImageNet-A (Hendrycks et al., 2021) consists of natural adversarial examples mined to fool
standard ImageNet classi ers (natural adversarial). ImageNet-O (Hendrycks et al., 2021) contains images of object
categories not present in the ImageNet-1k label set (semantic anomalies). ImageNet-C (Hendrycks & Dietterich, 2019)
applies synthetic corruptions to ImageNet images, and we pick defocus blur at severity level 2 (corruption).

For each OOD dataset we use the same 100 classes as on ID, except OOD-CV which only contains 6 classes.

Architectures and vertex selection. Main results use ResNet-101 and ResNet-50 (He et al., 2016), ImageNet-pretrained
from torchvision . Circuit vertices are the feature channels at the output of each of the four residual blocks2§#ing

512 1024 and2048candidate channels per block respectively, for a tot&@;8f0vertices on ResNet-101. The tép-

fraction is applied per layer. Transformer results use ImageNet-pretrained ViT-B/1@dronhvision . We instrument

all 12 transformer encoder blocks. For bldckertices are the 768 embedding-channel outputs of the second linear layer in

the MLP sub-blockencoder.layers[i].mIp[3] (our hookblocki _mlp _fc2 ), before the subsequent dropout and
residual addition. Token positions are not treated as separate vertices; each vertex corresponds to one MLP-output channel
in one block. Thus ViT-B/16 hat2 768 = 9;216 candidate vertices. The tdf-fraction is applied independently within

each block.

B.2. Language Setup

Model and tasks. We evaluate GPT-2 Small (Radford et al., 2019) via HuggingFace (Wolf et al., 2020) on three next-token
binary prediction tasks. Each example provides a clean prompt, a corrupted prompt, an answer token, and a distractor.
IOl (Wang et al., 2023) predicts the indirect object in a two-name sentence, with corruption randomizing names while
preserving the answer/distractor pair. 101-Hard applies the same rule with longer prompts and harder OOD distractor clauses.
For Greater-Than (Hanna et al., 2023), adapted to the EAP setting (Conmy et al., 2023; Syed et al., 2023), the clean prompt
sets up a year span whose immediate successor is the answer, and corruption shifts the interval so the distractor becomes the
natural continuation.
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Data. We generaté00training,1001D test, andl00OOD test examples per task. Circuits are discovered on the training
split and evaluated on held-out ID and OOD prompts. OOD splits are task-speci c: object/place distractors (10l), repeated
Q&A detours (I0I-Hard), and pre-answer distractor insertion (Greater-Than). Table 3 shows example ID and OOD prompts.

ID OOD (ours)
[e]] Then, Jessica and Rachel went to the garden. Rachel galiken in the morning, Jennifer and Nicholas went to the
a drink to (Jessica / Rachel) school. While Nicholas looked around the school, Jennifer

talked about the snack, and after a while Nicholas gave a
snack to (Jennifer / Nicholas)

IOI-Hard Then in the morning, Nicole and Katherine went to th&hen in the morning, Elizabeth and Allison went to the of-
restaurant. Katherine gave a ring to (Nicole / Katherine) ce. Elizabeth repeatedly asked Allison about the necklace
. and resumed the discussion of the necklace, Allison

gave a necklace to (Elizabeth / Allison)

Greater-Than In scenario 920499 at the school with the drink, The wan scenario 794799 at the station with the necklace, The
lasted from the year 1799 to the year (1800/1840)  war lasted from the year 1399 to the year after a long and
distracting discussion at the school about the basketball,
followed by more unrelated details, (1400 / 1440)

Table 3. OOD prompt construction for the three language tasks. ID prompts follow the original task formulations; OOD prompts
(ours) introduce task-speci c distractors. Each cell shows the prompt followed by (answer / distractor).

Circuit graph and metric. EAP-IG operates on edges of the EAP computational graph (Syed et al., 2023). Nodes are
the token embedding, every attention-head and MLP output, and the nal logits. Candidate edges connect each earlier
node to every downstream attention-head Q/K/V input, MLP input, and the nal logits, yieB#iip1lcandidate edges

u 2 U. Circuit sizeK is the retained edge fraction, and cACC is exact next-token accuracy (correct iff the argmax under the
circuit-restricted computation equals the answer token).

Certi cation hyperparameters. We sweep 2 f0:85;0:90;0:95g andpge 2 f0:85; 0:95;0:99g For each task/split,
Fig. 9 reports the con guration with the highest peak cACC (ties broken by smaller effective size) while Fig. 10 xes
r 2 f42;50; 59g and shows the cACC-K curve across the three tasks.

C. Certi cation Hyperparameter Theoretical Analysis
C.1. Certi ed Radius r vs. pge; @and
The certi ed radius r in Theorem 3.1 is determined by the deletion probabilifyand con dence threshold (Eq. 5).

Figure 7 shows the certi ed radiusat varyingpge; and values. The certi ed radius increases with bptl, and : higher

deletion probabilities mean the smoothed algorithm aggregates over more aggressively perturbed sub-datasets, while higher
con dence thresholds require stronger agreement across perturbations before certifying a decigign! As, the radius

grows rapidly, but this comes at a cost: the base algorhreceives increasingly sparse sub-datasets, which can degrade

its performance when concept datasets are small. Conversely, pgwerlues preserve more examples per run but yield
smaller certi ed radii.

In practice, we seleqiye to balance two considerations: (i) achieving a meaningful certi ed radius ¢e.d., edits), and

(ii) retaining enough examples per sub-dataset for the base algorithm to produce reliable circuits. For concept datasets of
sizejDj, the expected sub-dataset siz€lisp 4e) jDj, SO larger concept datasets permit higher deletion probabilities
without starving the base algorithm.

C.2. Sample Complexity

Beyond the certi ed radius (App. C.1, Fig. 7), a second hyperparameter controlling the strength of our guarantees is the
Monte Carlo sample budgat which determines how tightly the empirical inclusion frequencies bound the true probabilities

pu (D) , which in turn determines whether a component reaches the threskaiderti cation. Fig. 8 reports the theoretical
minimum n required to certify a circuit under perfect agreement, as a function wfith Bonferroni correction over
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Figure 7. Certi ed radius r at various deletion probability pq4er values for different con dence thresholds . Largerpger and larger
yield larger certi ed radii.

Figure 8. Sample complexity vs. certi cation threshold. Minimum samples n required to certify a circuit at threshold under perfect
agreement and Bonferroni correction obér= 3;840 components (the vertex sétof ResNet-101). ? is the largest threshold certi able

at a givem; any ? is certi able, so largen raises °. Solid curves: circuit-level guarantees & f0:01; 0:001; 0:0001g . Dashed:
per-vertex (no correction).

N = 3;840 components (the number of candidate neurons in ResNet-101).

The requirech is small across the entire operating range: certi cation needss84¥54 samples for 2 [0:7;0:9], and

the union bound costs jusP  over uncorrected per-vertex certi cation despite coveBrgg0simultaneous decisions.
Sampling is therefore not a bottleneck. In practice, the budgetof ;000 used throughout the paper is conservative since
itcertiesany upto =0:985at =0:001, and could be reduced an order of magnitude at lowtaresholds which
produce a meaningful radius r.

15



Certi ed Circuits

C.3. Estimating the Certi ed Circuit

Since we cannot invoke our theoretically constructed smoothed algofith(&q. 4) directly, we estimate it by Monte Carlo
sampling in Algorithm 1. Our estimator is a novel combination of two randomized-smoothing frameworks, unifying them
for the rst time to certify circuit discovery: we adopt the randomized-deletion sampling of RS-Del (Huang et al., 2023),
which perturbs a dataset by dropping examples i.i.d. and yields a certi cate in edit distance, and the component-wise output
certi cation of SEGCERTIFY (Fischer et al., 2021), which certi es each component of a structured output independently via

a per-component abstention test. The key observation enabling this combination is that certifying circuit components is an
instance of binary segmentation: each componedtU plays the role of a pixel whose inclusioh) (or exclusion Q) must

be certi ed independently, while the datag®t— rather than an image — is the object being perturbed. Casting circuit
discovery this way lets us inherit SEGCERTIFY's certi cation algorithm while replacing its Gaussian input perturbation with
RS-Del's dataset-level deletion, turning gncerti cate over pixels into an edit-distance certi cate over datasets.

Algorithm 1 CERTIFYCIRCUIT: estimatingX (D) (Eqg. 4), combining SEGCERTIFY (Fischer et al., 2021) with RS-Del's
deletion smoothing (Huang et al., 2023). Blue marks our changes.

function CERTIFYCIRCUIT(A, Pge D, N, Ng, )

cntsd;:::;ents);  SAMPLE(A, D, n o, Pae)
cntsy;:ii;entsy; SAMPLE(A, D, n, p ge)
foru 2 U:

¢, topindexincnts ?
n, cnts ,[¢]
pv, BINPVALUE(n ,,n,, )

foru?2 U:

ifior u: 6,
r blog(1:5 )=logp geC
return €q;:::; 6y, I

Algorithm 2 SAMPLE: per-component inclusion counts

function SAMPLE(A, D, N, Pyel)
cnts, Oforallu2U

"0 Bernoulli(l p ge)'™ // RS-Del (Huang et al., 2023) deletion smoothing
c AD " @ )
cnts, cnts , +1u2C O Jforallu2 U

return cnts = (cnts )20

CEeRTIFYCIRCUIT (Algorithm 1) proceeds in two stages, each drawing samples through the primitive SAMPLE (Algorithm 2).
SAMPLE drawsn deletion masks, runs the base algoritAnon each resulting sub-dataset, and counts how often each
component is included, giving the per-compongiriclusion countgnts,. The two stages use independent samples to
avoid biasing the test by the choice of hypothesis. In the rst stage, CERTIFYCIRCUIT drgaslection samples and
uses the counts to guess each component's likely dedgi¢include or exclude). In the second stage, it dravieesh

certi cation samples and tests that guess: it computesaluepv, measuring how strongly the evidence suppéytat

con dence . A component is certi ed if itgp-value is small enough (via the FWER correction below) and abstains (
otherwise. Finally, CERTIFYCIRCUIT returns the edit-distance radimdlog(1:5 )=logp gecC (EQ. 5, from RS-Del),
certifying every non-abstaining component against up to r dataset edits.

Controlling the family-wise error rate. Because we certifyjUj components simultaneously, the per-component failure
probability does not bound the probability that any certi ed decision is wrong; under the union bound this family-wise
error rate (FWER) grows witjuj. We therefore inherit the multiple-hypothesis-testing correction of Fischer et al. (2021):
applying a Bonferroni correction ovét, we rejectH ¢ (and thus certify) only when, =jUj . This bounds the FWER at

, SO with con dencel every non-abstaining component is certi ed correctly, and by Theorem 3.1 its membership is
invariant for all O with distegy(D; D9 r.
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D. Runtime Breakdown

@ Sample circuits @ Decision rule Total =@+ @
# Samples Paradigm Naive  Optimized Naive  Optimized  Optimized speedup
n=1 Baseline - 1.007 s - - 1.007 s -
n =100 Majority vote 101s 0.990s 0.006 s 101s 0.996 s 101
- Certied 101s 0.990 s 0.024 s 101s 1.014s 99:33
n =500 Majority vote 504 s 1.516s 0.013s 504 s 1.529s 329
- Certied 504 s 1516 s 0.102s 504 s 1.618 s 311
n = 1000 Majority vote 1007 s 2.226s 0.021s 1007s 2.247 s 448
- Certied 1007 s 2.226s 0.194s 1007 s 2.420s 416

Table 4. Runtime breakdown for per-class ResNet-101 circuit discovery on the ImageNet validation set. Naive scales linearly with
while the optimized implementation caches per-image attribution score (e.g., relevance, activation) across samples. Hardware: Intel Core
i7-14700 CPU, 62 GiB RAM, NVIDIA RTX 4090, batch size 50.

A potential concern with certi ed circuit discovery is sampling: running the base algorittimes, once per deletion

mask, could scale runtime linearly in making the method impractical at largerTable 4 shows this concern does not
materialize. We benchmark per-class circuit discovery on ResNet-101 over the ImageNet validation set, comparing a naive
implementation (which re-runs the full discovery algorithm for each ofttisamples) against our optimized implementation

that caches per-image scores (relevance) and computes per-sample circuits from the cache. Two ndings emerge. First,
naive scaling is indeed linear: n = 1,000 samples take 1;007 s, which is 1;000 the baseline single-circuit cost. Second,

the optimized implementation reduces thi®td2s, a416 speedup, because the dominant cost — forward and backward
passes through the model — is shared across aimples. The decision rule itself (Eq. 4) takes ur@@i@s even at

n = 1;000. The optimized certi ed pipeline therefore runs B4  the cost of a single baseline circuit, independent of

in practice.
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E. Additional Language Results

We extend on language circuit results illustrated earlier in 85.

E.1. Certi ed Circuits at Best Radius r

Figure 9. Best certi ed vs. baseline EAP-IG circuits on GPT-2 Small. cACCO« curves for the certi ed circuit (highest peak cACC,
blue solid) and EAP-IG (gold dashed) across three tasks (columns) and two settings (rows: ID, OOD). The certi edfoadiash
circuit is annotated in the bottom-right of each panel.

Fig. 9 shows that on every task and setting, the certi ed curve reaches the EAP-IG peak at substantiallKsrttadier
remains saturated & grows. On IOl and Greater-Than, both ID and OOD curves are 408 from a smallK onward,
with the certi ed curve reaching saturati@r10 earlier than EAP-IG. 101-Hard under Q&A detours is the only setting with
a non-trivial peak: the certi ed circuit reach88%cACC atK 0:3 , exceeding the EAP-IG peak%%) at matched size.
Across all settings, certi cation matches or exceeds EAP-IG's peak cACC while certifying invariance to radii r = 8-59.

E.2. Higher Certi ed Radii

Fig. 10 compares certi ed circuits at= 42, 50, and59 against EAP-IG on the same tasks. All three certi ed radii produce
CACC-K curves that are nearly indistinguishable from each other and that match or exceed EAP-IG Kt .e@eryOl and
IOI-Hard, the three certi ed curves reach saturation at the same gmaliith no measurable cACC penalty for the larger
radius. On Greater-Than and Pre-answer distractor, the three curves overlap so tightlythabéheerti cate comes
essentially for free: stability against up30 dataset edits is achieved with no loss in suf ciency. This con rms that, on
tasks with suf ciently large concept datasets, the certi ed radius can be pushed well beyond the conservativsed for
vision without degrading the discovered circuit.
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Figure 10. Certi ed EAP-IG circuits at higher radii on GPT-2 Small. cACC-K curves for certi ed circuits at = 42 (blue),r = 50
(teal), andr = 59 (purple), compared against EAP-IG (gold dashed) across three tasks (columns) and two settings (rows: ID, OOD).
Curves overlap tightly, indicating that larger certi ed radii are achieved without measurable loss in cACC.
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F. Additional Vision Results
F.1. Comparison of three circuit discovery algorithms

We extend the analysis in Table 1 from tEprelevance to two additional scorers, activation and rank, on ResNet-101
(Table 5). The main results transfer across all three scorers: certi ed circuits are more accurate, smaller, and generalize
better to OOD than their baselines. The largest cACC gains appear under OOD shifts: on ImageNet-A, certi ed circuits
improve by" 56% (relevance); 84% (activation), and 20% (rank). Activation shows the largest relative gains because its
uncerti ed baseline is weakest, while relevance reaches the highest absolute certi ed 88%06r( ImageNet-O) and

the largest compactness reductiotiH2%on ImageNet# 41%on ImageNet-C and ImageNet-O). Rank yields smaller
compactness reductiors 2-18%), consistent with rank-based scoring producing atter score distributions that leave fewer
components con dently unstable. We use relevance as the default in 85 based on its consistently higher absolute cACC and
larger compactness gains.

cACC" Size K #

Setting Dataset Top-K Full Baseline Certi ed Full Baseline Certi ed
Relevance 0.83 002 0.950.02* "14% 0.700 0.336 #s52%
ID ImageNet  Activation 0.78 0.02 0.800.02 0.82002* 3% 1.000 0.700 0.502 #29%
Rank 0.810.02 0.820.02% 2% 0.700 0.585 #17%
Relevance 0.60 0.03 0.94 0.01* "s6% 0.400 0.342  #15%
ImageNet-A Activation 0.07 0.01 0.20 0.02 0.36 003* sa% 1.000 0.400 0.330 #8%
Rank 0.24 002 0.28 0.02*  "20% 0.600 0.588 #%
Relevance 0.73 011 0.930.03Y 28% 0.400 0.269 #33%
OO0D-CV Activation 0.20 0.09 0.36 0.12 0.54 0.13Y s1%» 1.000 0.400 0.268 #33%
OO0D Rank 0.44 013 0.46012 5% 0.400 0.394  #2%
Relevance 0.72 0.02 0.92 0.02* 28% 0.700 0.416 #a1%
ImageNet-C Activation 0.57 0.02 0.66 0.02 0.71002* % 1.000 0.700 0.502 #29%
Rank 0.67 0.02 0.69 0.02° 3% 0.700 0585 #17%
Relevance 0.93 001 0.98001* 6% 0.700 0.417 #a1%
ImageNet-O Activation 0.81 0.01 0.87 0.01 0.90 001Y 3% 1.000 0.700 0.492  #30%
Rank 0.88 001 0.890.01Y 2% 0.700 0.581 #18%

Table 5. Certi ed vs. baseline circuit suf ciency across three Top-K scoring algorithms with uncertainty estimates. Peak cACC

and corresponding circuit sizé under suf ciency pruning on ResNet-101. Circuits are discovered on ImageNet and evaluated either
in-distribution or on OOD shifts. Signi cance markers compare certi ed circuits against the corresponding baseline circuit using paired
class-level testg'p < 0:05, *p < 0:01, *p < 0:001.

F.2. Stability Across Random Seeds

Recent work has raised concerns that mechanistic circuits are unstable across random seedsetMl. (2025) cast

circuit discovery as statistical estimation and showed that EAP-IG circuits can vary substantially across runs even with
the same concept dataset, indicating high variance in the discovered structure. This calls into question whether a single
discovered circuit is meaningful, or merely one realization of a noisy procedure.

We investigate the stability of certi ed circuits across random seeds on ImageNet (Fig. 11). We run the certi cation pipeline
(n = 1;000 deletion masks30 times with independent seeds d@0 ImageNet classes, and report all pairwise loUs per
class. Even on th#0 least stable classes, pairwise loU stays atip9§ with mean 10U0:973 0:0015 (95%Cl) across

all 100classes. Certi cation is stable by construction: components are included only when their inclusion probability
pu (D) exceeds the threshold so noise that would ip a borderline inclusion under a xed tprule instead resolves

to abstention. Certi cation stabilizes circuits not only against bounded dataset edits (Theorem 3.1), but also empirically
against the seed-level instability documented in prior work.
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Figure 11. Certi ed circuits are highly stable across seeds, even for the least stable classes. Pairwise loU between independent runs of
the certi cation pipeline (=1000 masks) across 40 seeds, for the 10 least stable ImageNet classes (ordered least to most stable); each dot
is one seed-pair. Even in the worst case loU exc@e@s The dashed line marks the mean over 100 cla§s8%3 0:0015 (95% CI).

Figure 12. Circuit accuracy (CACC) vs. siz&K on ResNets and ViT-B/16. Solid lines show certi ed circuits, dashed show the baseline,
with colors distinguishing models. Circuits are discovered on ImageNet and evaluated either ID or on OOD data.

F.3. Extending circuits to ViT-B/16 architecture

Fig. 12 extends the cAC&- curves of Fig. 3 to ViT-B/16 (Dosovitskiy et al., 2021), alongside ResNet-101 and ResNet-50.
Across all ve datasets, certi ed circuits on ViT-B/16 closely track baseline Kopelevance: peak cACC differs by at most

2 points, and both methods peak at snikall The largest certi ed gains appear on ImageNet-A and OOD-CV, where
certi cation recovers2 points of peak cACC at substantially smallerthan the baseline, mirroring the trend observed on
ResNets and con rming that the framework remains effective on vision Transformer architectures.

F.4. Certi ed Vision Circuits at Larger Radii

In the main reported results 85, we use a conservative certi ed radius for vision, which guarantees stability against a

single dataset edit. Whether the framework can certify larger radii on vision depends on the relationship between the deletion
probability pge, the con dence threshold, and the concept dataset sjbPr|. Increasing ata xed requires increasing

pqel (EQ. 5), which removes more examples per sample and can starve the base algorithm on small concept datasets. We
characterize this trade-off across three experiments.

Scaling to larger radii with larger jD.j. Fig. 13 sweeps 2 f1;3;11;59g acrosgDj 2 f50; 100; 500; 1000gon all

ve vision benchmarks. AfD.j = 50, larger radii { = 11;59) degrade noticeably because the base algorithm receives
sub-datasets of onlp —3images per sample after deletion, too sparse to recover stable circuits. This degradation disappears
asjD¢j grows: byjDj = 1;000, certi ed circuits atr = 59 outperform the baseline on every dataset. The framework is not
intrinsically limited to small radii on vision; the limitation is concept dataset size, and increasing it directly enables larger
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Figure 13. Certi ed circuits scale to large radii given suf cient concept data. cACC vs. circuit size far2 f1;3; 11; 59g (colors) and
jD¢j 2 f50; 100; 500; 1000g (rows), across ve ID/OOD benchmarks (columns). Solid: certi ed; dashed: baseline. Large radii degrade
at small jD;j but recover by ji}j = 1;000. ResNet-101, = 0:95, n = 1;000.

certi ed radii.

Figure 14. Effect of radius andjD¢j at xed K = 0:60 . cACC (top), effective circuit size (middle), and abstention rate (bottom) as a
function of certi ed radius foD¢j 2 f50; 100; 500g. LargerjD .j stabilizes both cACC and abstention at high radii; effective circuit size
stays roughly constant. ResNet-101, = 0:95, n = 1;000.

Effect on circuit size and abstention at xedK . Fig. 14 xes the circuit size ak = 0:60 and examines how cACC,
effective circuit size, and abstention rate vary with radius for three concept dataset sizes. Three patterns are visible. First, at
smalljD.j = 50, cACC drops sharply asgrows past3 , while abstention rises towafD-75%— the certi cate becomes

too aggressive for the available data. Secon{D) git= 100 the cACC remains close to the baseline up to5 and then

drops. Third, ajD.j = 500 cACC is stable across the full radius rarmge [1; 11], with abstention staying belo80%

Effective circuit size (middle row) remains roughly constant in all three settings, indicating that the certi cation budget is
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spent on abstaining from unstable components rather than shrinking the certi ed set.

Figure 15. Effect of radius andjD ¢j at the per-setting optimal K . Peak cACC (top), corresponding circuit size (middle), and abstention
rate (bottom) as a function of certi ed radius. Wikh optimized per setting, higher radii yield more compact circuits without suf ciency
loss when jQ3j is large enough. ResNet-101, = 0:95, n = 1;000.

Effect at the per-setting optimalK . Fig. 15 repeats the analysis wih optimized pe(r; D j; dataset)setting, reporting

peak cACC. The picture is consistent with the x&d-analysis but more favorable: with the freedom to shrink the circuit at
higher radii, peak cACC degrades less, and the optimal circuit size visibly contractgs@gs (middle row). This is the
behavior we want from a certi cation procedure: at higher radii, more components are agged as unstable and abstained
from, yielding more compact circuits with no suf ciency penalty. jB.j = 500, peak cACC is essentially at across

r 2 [1; 11] on every benchmark.

Takeaway. Certi ed vision circuits scale to large radii given suf cient concept data: with large enfiughcerti ed
circuits outperform baselines on both ID and OOD at r up to 59, while providing stronger guarantees.

F.5. Comparison to Vanilla Majority Vote

Figure 16. Certi ed circuits outperform majority vote at identical compute. cACC vs.K for certi ed, majority vote (samea, > 50%
inclusion, no ), and baseline across ve benchmarks. The gap between certi ed and majority vote isolates the contribution of certi cation
(through the threshold ) beyond ensemble averaging.

A natural question is whether the gains of certi ed circuits come from certi cation itself, or simply from the ensemble
averaging effect of running the base algorithmmsubsamples. To isolate this, we compare certi ed circuits against a
majority vote baseline at matched compute. Majority vote uses the sante000 deletion samples but includes each
neuron appearing in more th&0% of sampled circuits, with no con dence threshold — isolating the contribution of
from ensemble averaging alone. Fig. 16 shows certi ed circuits outperform majority vote by a wide margin across all ve
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benchmarks in ID and OOD, with the largest gaps on OOD-CV and ImageNet-A where instability is most pronounced. This
is notable because prior certi cation methods typically trade accuracy for robustrimssy@r et al., 2019; Cohen et al.,

2019; Fischer et al., 2021; Anani et al., 2024), whereas certi ed circuits improve both. Majority vote already improves
over the baseline thanks to averaging, but stops short of the certi ed circuit, indicating¢batributes beyond ensemble
averaging by excluding neurons whose inclusion votes are split rather than majority-aligned. These are the neurons most
likely to be spurious, and abstaining from them is what makes the certi ed circuit both more accurate and more compact.
We provide further feature visualizations of such neurons in the next App. F.6.
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F.6. Additional feature visualizations

(a) vine snake (b) plate

Figure 17. Features encoded by certi ed-in, abstain (within baseline), and certi ed-out neurons (ResNet-101). Per layer, top-
activating neurons in each category. Certi cation improves cACC while shrinking the circuit by abstaining from unstable, spurious
neurons.
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